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Abstract. It is known that the Sobolev space with s > n/2 appeared in 
the Hormander multiplier theorem can be replaced by the Besov space B^j 2 . 

2 1 

On the other hand, the Besov space £? n '/ 2 i s continuously embedded in the 

modulation space Mg' 1 . In this paper, we consider the problem whether we 

2 1 2 1 

can replace B n '/ 2 by M ' . 



1. Introduction 

Sjostrand [TS] proved the L 2 -boundedness of pseudo-differential operators with 
symbols in the modulation space M oc ' 1 (M 2n ) which contains the Hormander class 
Sq . Since then, modulation spaces have been recognized as a useful tool for 
pseudo-differential operators. See Benyi-Grochcnig-Okoudjou-Rogers ,3 , Cordero- 
Nicola-Rodino [5.J, Grochenig-Heil [10] and Toft [23] for further developments. The 
purpose of this paper is to apply modulation spaces to (singular) Fourier multipliers. 

We recall some known results on the boundedness of Fourier multipliers on 
LP{R n ). The Mihlin multiplier theorem says that if m e C["/ 2 1 +1 (R"\ {0}) satisfies 

(1.1) \d a m(£)\ < C Q |Cr H for all |a| < [n/2] + 1 

then m(D) is bounded on L p (R n ) for all 1 < p < oo (see [6j Corollary 8.11]), where 
[n/2] stands for the largest integer < n/2. Let -0 S 5(K") be such that ip > c > 
on {2- 1 / 2 < |^| < 2 1 / 2 } and suppV> C {2" 1 < |f| < 2}. For m € S'{R n ), we set 

(1.2) mj (0=mm(2^y 

The Hormander multiplier theorem [TT] states that if m £ 6>'(R") satisfies 

(1.3) sup ||TOj|| £2 < oo with s > n/2 

then m{D) is bounded on L p (R n ) for all 1 < p < oo (see also [6] Theorem 8.10]), 
where L 2 (M") is the Sobolev space. We note that (11. 3|) is weaker than (|l.l|l . By 
using the Besov space B%UM. n ) instead of the Sobolev space L 2 (IR n ) in (|1.3p . Seeger 
[T7] proved that if m € 5'(R") satisfies 

(1.4) SUp ||77lj|| B 2.1 < oo 

then m(D) is bounded from the Hardy space 7? 1 (R n ) to the Lorentz space L 1,2 (R") 
(see jT5J [T7] for the definition of L 1 - 2 ). Then, by interpolation and duality, (|1.4J) 
implies the boundedness of m(D) on L p (M. n ) for all 1 < p < oo. It should be 
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pointed out that the L p -boundedness of m(D) satisfying (|1.4|) follows from a slight 
modification of Stein's approach in pjJl Chapter 4, Section 3]. Since 

£ 2 (R") = Bf 2 (R n ) ^ Bl'UW 1 ) if s > n/2, 

we see that (|1.4[) is weaker than (|1 .3[) . 

It is known that the Besov space B\ 2 (M. n ) is continuously embedded in the 

modulation space M ' (R n ), and this embedding yields the problem 

"Can we replace B^UW 1 ) in (H|) by M 2,1 (E n )?". 
At least, we have 

Theorem 1.1. Let s > 0. If m e S'(R n ) satisfies 
(1.5) sup||TOj|j M 2,i < oo, 

then m(D) is bounded on the Hardy space i/ 1 (]R™) 7 where rrij is defined by ljl.2|L 

We note that, if m satisfies (|1.5j) with s > 0, then m(D) is bounded on L 2 (R") 
(see the proof of Theorem [OJ- Then, by interpolation and duality, (|1.5p with s > 
implies the boundedness of m(D) on L P (R") for all 1 < p < oo. Hence, Theorem 
11.11 covers the Hormander multiplier theorem, since 

L 2 s (R n ) = M 2 ' 2 (R n ) Af 2>1 (R") if s' < s - n/2. 

Let us compare (|1.4j) and (j 1 . 511 . Toft [23, Theorem 3.1] proved the embeddings 

B 2 n %(R n ) Af 24 (R") ^ ^(M"), 

and the optimality was proved by Sugimoto-Tomita [22] Theorem 1.2] (see also 
[26]). More precisely, if ^(R") <^> M 2A (R n ) then s > n/2, and if M 24 (R") 
B 2 ' 1 (M. n ) then s < 0. Then, since ~ ||(7 - A) s / 2 /|| B 2,i and x 

||(7 - A) s / 2 /|| M 2,i, we see that B^ 2 (R") M 2 ^(R") if and only if s < 0, and 
M 2 ^(R™) ^ B^flR") if and only if s > n/2. Therefore, S 2 / 2 (M n ) and M 2 ^(R") 
have no inclusion relation with each others if < s < n/2: 

B 2 n % 

My /^TxA m 2 ' 1 






s = < s < n/2 s = n/2 

We also mention the relation between Theorem 11.11 and Baernstein-Sawyer [T] 
(see also Carbery [4] and Seeger [15] for some related results). Since 

(1.6) C- x \\mj\\ K i,i < \\m 3 \\ M 2,i < C||m}|| K i,i 

(see Section[3]), where K], 1 is the Herz space, we have by Theorem ll.il 

Corollary 1.2. Let s > 0. If me S'(W l ) satisfies 

sup Unijll^i.i < oo, 

then m(D) is bounded on the Hardy space H 1 (W n ), where rrij is defined by (|1.2[) . 
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We remark that Corollary 11.21 is a special case of p] Theorem 3b] . As another 
corollary of Theorem ll.l[ we have by the norm equivalence 

(1-7) C^WrrijW^.i < ||toj|| m 2.i < Cp||m.,-|| Mf ,i 

Corollary 1.3. Let 1 < p < oo and s > 0. If m £ <S'(R") satisfies 

sup||toj|| mP ,i < oo, 

then m(D) is bounded on the Hardy space H 1 (M n ), where mj is defined by (|1.2[) . 

However, in the critical case s = 0, we have the following negative answer: 

Proposition 1.4. Let 1 < p < oo and p ^ 2. Then there exists a Fourier multiplier 
m € <S'(R") such that sup^-^ ||mj|j M 2,i < oo, but m{D) is not bounded on L p (JS, n ). 

The proofs of Theorem 11.11 (|1.6[) , fll.7[l and Proposition 11.41 will be given in 
Section [31 

2. Preliminaries 

Let £>(R") and 6>'(R") be the Schwartz spaces of all rapidly decreasing smooth 
functions and tempered distributions, respectively. We define the Fourier transform 
Tj and the inverse Fourier transform T^ 1 f of / € 6>(R™) by 

Fm = m= [ e-* x f(x)dx and ^f(x) = -±-f e^/KK- 

For m S 6>'(R"), the Fourier multiplier operator m(D) is defined by m(D)f = 
T-^mf] for / € 5(R"). The notation A x B stands for C" 1 ^ < B < CA for 
some positive constant C independent of A and B. 

We introduce Besov and modulation spaces, and suppose that 1 < p, q < oo and 
s S R. Let if) S 5(R") be such that V > c > on {2" 1 / 2 < |f | < 2 1 / 2 }, 

(2.1) supp?/> C {1/2 < |£| < 2} and ^V , (2" J '0 = 1 for all ^ 0. 
We set 

oo 

(2.2) Vo(0 = l-E^ 2 ~ J £) and ^(0=^(2^) if J > 1- 

3=1 

Then the Besov space -B£>9(R n ) consists of all / € <S'(R n ) such that 

/oo 

ll/IU-= l^2^||^( J D)/||L I <oo 

(with obvious modification in the case q — oo). We refer to Triebel [35] and the 
references therein for more details on Besov spaces. Let <p € <S(R") be such that 

(2.3) supp^C [-1,1]" and ^ ip(£ - k) = 1 for all £ e 1". 

feez» 

Then the modulation space Mf'^R") consists of all / e <S'(R n ) such that 

\ 1/9 

+ \k\y\\<p(D -k)f\\h) <°o 



Mi' 
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(with obvious modification in the case q = oo). We remark that 

(2.4) ii/iim ? .^|/ (7 \v g f(^o\ p dA q/P (i + m 2 y q/2 d{; 

Jr™ \Jr" J 



where V g f is the short-time Fourier transform of / € <S'(R") with respect to g S 
5(M n ) \ {0} defined by 



V g f(x,0= f(t)g(t-x)e-«- t dt fora^eR" 

(see, for example, [21]). The definition of M p,q (M. n ) is independent of the choice 
of the window function g 6 <S(R n ) \ {0}, that is, different window functions yield 
equivalent norms ([9l Proposition 11.3.2]). It is also well known that M 2 ' 2 (R ra ) = 
L 2 s (R n ) (0 Proposition 11.3.1]), where L 2 s (R n ) is the Sobolev space defined by the 
norm ||/|| £; = - A) s / 2 /|| i2 and (/ - A) s / 2 / = + |£| 2 ) s / 2 /]. We refer 

to Feichtinger [7] and Grochenig [9j for more details on modulation spaces (see 
also Benyi-Grafakos-Grochenig-Okoudjou (2], Feichtinger-Narimani [8] for Fourier 
multipliers on modulation spaces). 

We next introduce the Hardy and Herz spaces. Let r\ S S(R n ) be such that 
J Rn r]{x)dx = 1. Then the Hardy space H 1 (W l ) consists of all / e L 1 (R n ) such 
that 

ll/llffi = / sup \r) t * f(x)\ dx < oo, 

JR™ t>0 

where i] t (x) = t~ n i](t~ 1 x). It is well known that 

71 

(2-5) ll/lk^H/IUi + ^Pi/IUi, 

where i?j is the Riesz transform defined by 

1 ! W_,£ 



The Herz space Kf q {R n ) consists of all / <E Lj oc (R n ) such that 

11/11*1-* = (E2^||^/||lJ <oo, 

where {i/'jl^Lo ^ s as m (|2.2p . See Baernstein-Sawyer [TJ and Stein [2U] for more 
details on Hardy and Herz spaces. 

3. Proof 

Before proving Theorem ll.il we note that Mq' 1 ■— > JFL 1 . In fact, by Schwarz's 
inequality and Plancherel's theorem, 

ii/lu* < E live- - fc) < c E iw- - fc ) ^ 
= ^e n^-fc)/ii^ = cn/iUr. 

fceZ" 



where {(^(- — k)}kez n is as in (|2.3 
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Proof of Theorem ll.ll Let ip be as in (12. 1|) and sup jeZ \\mjW m 2 . 1 < oo, where s > 
and = 0(£) W (2 J 0- Since 

(3.2) ll^jlU^ < C||m}||ii < CllmjU^.i < C||mj|| M |,i 

and -0(0 > O on {2^ 2 < |£| < 2 1 / 2 }, we see that m <E L°°. This implies that 
m{D) is bounded on L 2 . Then, by the Calderon-Zygmund theory (see, for example, 
Corollary 6.3], [HI Chapter 3, Theorem 3]), if K = T~ x m € L} oc {W l \ {0}) and 

(3.3) sup / \K(x — y) — K(x)\dx < oo, 

y^0J\x\>2\y\ 

then m(D) is bounded from H 1 to L 1 



We only cinsider (O (see Remark O for the proof of K £ Lj oc (« n \ {0})). By 



(|2.1[) , we have 

m(0 = X>( 2-i fM0 =^m J -(2-^) ! 
and consequently K(x) — Yljez ^ n Kj(2 : >x), where Kj = J 7 ~ 1 mj. Then, 
/ \K(x-y)-K(x)\dx<^2 I \2 jn Kj(2 j (x - y)) - 2 jn K 3 {Vx)\ dx. 

Note that suppm^ C {2" 1 < |£| < 2} for all j £ Z. Since 

(3.4) \\KiWv < C\\ mj \\ M p and llVi^U^ < C\\K 3 \\^ < CIKH^.x 

(see p. II) for the left hand inequality, and J25J Theorem 1.4.1 (ii)] for the right hand 
one), we have by Taylor's formula 

l^KjiVix - y)) - V n K 3 (2 j x)\ dx 



(3.5) 



l>2|v| 

„ n „i 

/ 2> n Y,{-Vyt) / (d e K 3 )(V(x-ty))dt dr 

J\x\>2\y\ JO 



>\x\>2\y\ t=1 

<C2^y\\\^K j \\ L ,<CV\y\\\m j \\ M y, 
where y = (jji, . . . , y n ). On the other hand, 



(3.6) / \Kj(x)\dx < CR- s \\mj\\ M 2,i for all j € Z and R > 0. 

J\x\>R 

In fact, since supp<£>(- — k) C k + [—1, 1]" C {|se — k\ < y/n} (see (|2.3jl ). we have 
j \Kj(x)\dx<^2 f W{-x^k)Kj{x)\dx 

< Yi I W{~x~k)T- l m 3 {x)\dx< Y (I 



\ip(x — fc) mj(x)\ dx 



1/2 

2 



|fc|>fl/2 |fe|>ii/2 

= (27r)"/ 2 (l + |fc|)" s (l + \k\) s MD -k)m 3 \\ L ,<CR- s \\m 3 \\ M . 

\k\>R/2 

for all R > 2^/n, and 

/ \K 3 (x)\dx<(l + R)- s (l + Rr\\K 3 \\ Ll <CR- s \\m 3 \\ M , 



6 



NAOHITO TOMITA 



for all < R < 2y/n, where we have used (|3.4I) . Then, (|3.6p gives 

f \2 jn K j (2 j (x - y)) - 2 in Kj(2 j x)\ dx 
(3.7) Jlx>2lvl 

< 2 / 2? n \Kj(2?x)\dz = 2 / \K 3 (x)\dx < C(^\y\)- s \\m 3 \\ M , 



\x\>\y\ J\x\>2i\y\ 

for all y ^ 0. Hence, it follows from (|3.5p and (|3.7p that 
E / |2^' n ^ (2 j (x-y))- 2 jn Kj (V x) \ dx 

J\X\>2\V\ 



\x\>2\y\ 

E + E j \V n Kj(2 j {x - y)) - 2 jn Kj{2 j x)\ dx 

v 23|h|<1 2%|>l/ 

<c E 2i MIKIlM^ + c E (2 i |t/|)- s ||m i |U f ,x < CIKIUj.a 

2%|<1 23| B |>1 

for all y ^ 0. Therefore, m{D) is bounded from i? 1 to L 1 . This implies the 
boundedness of m(D) on H 1 . In fact, by (12. 5|) . 



|m(U)/|| HI < C ( ||m(I>)/|Ui + E ll^-Ml>)/)IUi 

3=1 

<chi/n ffI +Ell^/ll^j <cn/ii H1 , 

where we have used the fact that R 3 is bounded on H 1 . The proof is complete. □ 

Remark 3.1. It is not difficult to prove that, if m satisfies (|1.5I) with s > 0, then 
K = T- X m G L i 1 oc (R n \ {0}). Let m 3 and K 3 be as in the proof of TheoremO 
and recall that K{x) = J2 jez 2 jn Kj(2^x). Since suppm^ C {1/2 < |f| < 2} for all 
j£Z, it follows from (|33) that ||^||l- = || J^" -1 ^- || £ oo <C\\m 3 \\ L ^ <C\\m j \\ M 2,i 
for all j € Z. Hence, for any < R\ < R2 < 00, 

E / \^ n K^x)\ dx < C RuR2 E y n \\K 3 \\ L ™ 

, = -00-1 Rl<\x\<R2 ^.oo 



<C Ri ,r 2 E ^"ll^lU/f- 1 ^ C 'Ri,-R2Sup||TOj|| M 2,i. 

7<0 

^ — — OO J — 

On the other hand, by (|3. 6[) . 

E / |2 J "^(2 J x)| &<E / da: 

• =1 JR!<\x\<R 2 j=1 J\x\>2iRi 



^ ^>i 
Therefore, we see that 

/ \K{x)\dx<Y^f \2^K{Vx)\dx<C Rl . R2 ^\\m 3 \\ M ^, 

JRi<\x\<R 2 jeZ JR 1 <\x\<R 2 jeZ 
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that is, K £ L} oc (R n \ {0}). 

To prove ljl.6|> and (|1.7|) . we use the following fact [Ml Remark 4.2] (see also [T3"l 
Lemma 1] for the case s = 0), and give the proof for reader's convenience. 

Proposition 3.2. Let 1 < p, q < oo, s £ K, and Zet f2 be a compact subset o/R". 
Then there exists a constant Cn > such that 

C^W-AY^fWrL* < \\f\\ MS ,«<Cn\\(I-Ay/ 2 f\\r L « 

for all f £ S'{W l ) with supp / C where \\f\\r L « = ||/|U«. 

Proof. Our proof is based on one of [131 Lemma 1]. Let ft C < i?}, and let / £ 
S'(R n ) and 3 G S(R n ) \ {0} be such that supp / C {|x| < R}, suppg C {|x| < AR} 
and 5 = 1 on {|x| < 2R}. Then suppF s /(-,0 C {a; : |x| < 5R} for all £ £ M™. By 
Plancherel's theorem, 



|V fl /(x,OI 
for all lei" 

II /|| A/- < C 



1 



(2tt)' 

Hence, by (|2~4| . 



f{t)g(t-i)e^dt 



< 



1 



x|<5i?. 



/(*)?(* -0 



(27r) r 



di I dx 



/(*)?(* -0 



9/p 



(i + iei 2 ) s<z/2 

1/9 



1/9 



(i + ifr/ 2 a + \t - e) lsl/2 w - oi * # 



< - A)"*i^||„i||(J- A)'^/|| ra , 

where C > is independent of /. 

On the other hand, since g = 1 on {|x| < 2i?}, we see that 



/(£)= / f(t)e- iet dt 
for all | a; | < i?. This gives 

1/(01 <CR~ n / p ( 
for all £ G M n . Therefore, 
||(I-A)'/ a /||ra 



/(t)s(*-ar)e-«-*dt = V 1 ,/(i > 



|t|<i? 



1/P 



|y 9 /(x,oi p rfx < CR- n ^ \\v g f(;0\\L* 



\x\<R 



1/9 



\(i + \er /2 f(o\ q dt 

- ° R {L ( (1 + l^ 2 ) s/2 H^/(-'OII^) 9 ^} 1/9 < c R \\f\\ 

where C > is independent of /. The proof is complete. 



Ml' 



a 



We are now ready to prove (|1.6p . (1 1 . T[) and Proposition II. 4 



Proofs of (H]) and (fT77|> . Let be defined by (fl~2")l . Note that supp C {2" 1 < 



|£| < 2} for all j G Z. Then, by Proposition [321 

(3.8) c-'ui - A)^ mj y L1 < Wmj]]^ <c\\(i-Ay/ 2 mj y L i 
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for all j G Z. On the other hand, since (1 + (a;) 2 ) 1 / 2 X 2 e on suppipe f° r all ^ > 
(see (f!TTj) and (|2~2"1) ). we have 



fir 



||(/-A)'/a TOi ||«^E / *W(1 + H 2 ) S/2 ^W 
(3.9) ^ 

^2 es \i/j i (x)m j (x)\dx = \\m j \\ h 



Hence, combining (|3.8p and (|3.9p , we have (|1.6p . 
Let 1 < p < oo. Then, by Proposition 13.21 

(3.io) c^\\(i - Ay^ mj y L i < \\ mj \\ M? A < c p \\(i- Ay/ 2 mj y L i 

for all j G Z. Therefore, combining (f378]> and ([3T0]) . we have (fL~7l) . □ 

Proof of Proposition \l-4\ The following counterexample (Triebel [25[ Proposition 
2.6.4]) is known: 



(3.11) 



m(D) is bounded on BP> q (M. n ) for all 1 < p, q < oo and s £ 
m{D) is not bounded on L p (R n ) for any p ^= 2 



(see also Littman-McCarthy- Riviere [T2] and Stein-Zygmund [2T]). Let m be as in 
p. lip , and we prove that m satisfies sup jeZ \\nij || M 2,i < oo, where mj is defined 
by (|1.2p . We remark that m(D) is bounded on Bl' q (W l ) for some 1 < q < oo 
and s G i? if and only if T~ x m G ^'^(M™) (see [23 Theorem 2.6.3]). Then, the 
boundedness oim{D) on i?^ 9 implies T~ x m G i?o'°°. Hence, since _Bq : °° <^-> Bg' 00 , 
we see that 

supHjr-XlU* =sup||2-^- 1 [^(2^0™](2^-)||l 1 

(3.12) =su P ||^- 1 [^(2-^)™]||l 1 =sup||^(2^.D)(^- 1 m)|| L1 
= || J-^ 1 m\\ < C|| J 7 m\\ g i,<x> < oo. 

On the other hand, since suppm^ C {2 _1 < |£| < 2} for all j G Z, we have by 
Proposition 13.21 

(3.13) C-^-^Wli < \\m,\\ M 2 Ql < CW^mjUi for all j G Z. 

Therefore, combining (|3.12p and (|3.13p . we see that sup JgZ ||mj|| M 2,i < oo, but 
m(D) is not bounded on L p (M. n ) for any p ^ 2. The proof is complete. □ 
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